CHAPTER 11: Infinite Series

311.5 The Ratio and Root Tests Tests

Section Contents:

(1) Ratio Test.

(ii) Root Test.



1. Ratio test
Theorem 1. (The ratio test)

Suppose the series » 7°aj satisfies a; > 0 for

all k> 1, and suppose
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= L (possibly co.)

Then
(a) L <1= Y 7a, converges.
(b) L > 1= >9%a; diverges.

(c) L =1= 3>{a; is undecided.



Example 1. (i) The series 3 3°1/k! converges
since

im L/(k+1)! :IimL:O<1.
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(ii) The series »_3° k3/10% converges since
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(iv) The series 3-3° k*/k! diverges since

(kDL e+ k1N
lim kk/k! = Iim (T) =e>1.




1. Root test
Theorem 2. (The root test)

Suppose the series » 7 aj satisfies a > 0 for
all £ > 1, and suppose

lim ¥/a;,, = L (possibly cc.)
Then

(a) L <1 = »7°a; converges.
(b) L > 1= >9%a; diverges.

(c) L =1= Y 3a; is undecided.



Example 2. (i) The series >5°1/(Ink)* con-
verges since

1
im 4/1/(In k) = im-— =0 <1.

(ii) The series 9°2%/k3 diverges since

3
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lHm /2% /k> = 21im [ —— = 2>1.
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(iii) The root test fails with the series >°9°(1 —
1/k)* since

lim /(1 — 1/K)% = lim(1 — 1/k) = 1.

However, the series diverges by the k—th term
test since

lim(1—1/k)* =1/e # 0.



