CHAPTER 11: Infinite Series

311.3 The integral Test

Section Contents:

(1) Series with non-negative terms.

(2) The integral test.



1. Series with non-negative terms.

Definition 1. A series

Z ar =a1+a>+---+ap+---,
k=1

where each a; > 0 is called a series with non-
negative terms.

A series with non-negative terms > 72 ; a;, has a
non-decreasing sequence of partial sums {Sp}:

S <SG < <Gy < -

Thus the series converges if and only if the
sequence {S,} is bounded above, i.e.

Sn < M (n>1)

for some value M.



1. The integral test. Suppose

(a) f is continuous real function on an interval
[N,0), where N > 0.

(b) f(z) >0 for all z > N.
(c) £ is non-increasing on [N, co).
(d) an = f(n) for all n > N.

Then

e 00

) aj converges < / f(x) dx converges.
N

k=1

Sketch of proof. Textbook: Figure 8.13.



2. Harmonic and p—series

The series

> 1

kp

++++
k=1

where p is a fixed real, is called a p—series. If
p = 1, the series becomes

© 1 1 1 1
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which is known as the harmonic series.

Theorem 1. (The p—series test)

i i{ converges for p > 1
kD

= diverges forp<1



Example 1. The p—series

> 1

> % and Z k3/2

k=1
converge since 2,3/2 > 1, and the series

Z Z and Z
= 1 ke/w

diverge since 1, 1/2,6/71‘ < 1.

Proof of Theorem 1. We consider two cases:

1. p <O0. In this case,
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and the p—series diverges.



2. p> 0. In this case the function
1

xXr
satisfies the conditions (a),---, (d) of the inte-
gral test.

Consider the improper integral

We consider three cases:

(a) p = 1. In this case the integral becomes

oo 1 _ t1 _
/ Sdr=lim [ Zdz= lim Int= oo,
1 x t—ooJ1 x t—00

and the harmonic series diverges.

(b) 0 < p < 1. 1In this case the integral becomes

oo 1 t 1
/ S dr = lim [ —dz
1 xP t—ooJ1 xP
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and the p—series (harmonic series) diverges.

(c) p > 1. In this case and in view of (b) we
have:
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and the p—series converges.



